Finiteness in projective ideals  by Vasconcelos, Wolmer V
JOURNAL OF ALGEBRA 25, 269-278 (1973) 
Finiteness in Projective Ideals* 
WOLMER V. VASCONCELOS 
Rutgers University, New Brunswick, New Jersey 08903 
Communicated by P. M. Cohn 
Received August 9, 1971 
Our general aim here is that of detecting finiteness in projective ideals of 
commutative rings. By this it is meant giving reasonable conditions that ensure 
that a projective ideal be of finite type, or that it be a product of projective 
primary ideals or, lacking the first condition, that it be a direct sum of finitely 
generated ideals. Thus we are led to study the projective ideals which are not 
contained in any minimal prime ideal-they are finitely generated-and then 
the rings of finitistic projective dimension one, where such ideals admit the 
aforementioned primary decomposition. After a summary examination of the 
rings where every ideal not contained in minimal prime ideals is projective, 
we give a description of the rings for which projective ideals are direct sums 
of finitely generated ideals. Such is the case for p.p. rings and selfinjective 
rings. 
1. FINITE GENERATION 
A criterion of finiteness for projective ideals of easy application is first 
discussed. It is mainly used to study a class of rings sitting between the 
absolutely flat (= von Neumann regular) and hereditary rings. 
We recall the notion of trace of a projective module E over the commutative 
ring A. It is simply the ideal J(E) = J = Cf(E) where f  runs over 
Hom,(E, A). Equivalently, / is the ideal generated by the “coordinates” 
of all the elements of E whenever a decomposition E @ G = F (free) is 
given. Under the second interpretation, it follows that if h: A + B is a ring 
homomorphism, then J(E @A B) = h(J(E))B. In particular, as projective 
modules over local rings are free [lo], for every prime ideal P of A, JP = (0) 
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or (1) depending on whether J C P or J q P. Thus A/P is a flat A-module 
and following [4] we say that / is a pure ideal. 
PROPOSITION 1.1. Let I be a projective ideal of the commutative ring A. 
If  I is not contained in any minimal prime ideal it is$nitely generated. 
Proof. Let J be the trace ideal of I. I f  J = (I), it means that we have an 
equation 
1 = f f&i), fi E HomA 4, xi EI. 
i=l 
Thus, for x E I we get 
and the xi’s generate I. We show this to be the case for J. Notice I C J; if 
J is not A, let M be a maximal ideal containing it. By hypothesis M is not a 
minimal prime ideal and will thus properly contain one such, say, P. Consider 
the natural homomorphism A --f A/P: by the remarks above I @A A/P = 
I/PI is a projective A/P-module of trace (J + P)/PC M/P. But clearly an 
integral domain (viz. A/P) cannot admit a pure ideal (viz. (J + P)/P) other 
than the trivial ones, and this is ruled out here. This contradiction proves the 
statement. 
The first use to be made of Proposition 1.1 is under the most favorable 
conditions: study of the reduced rings (i.e., rings without nilpotent elements) 
in which every ideal not contained in any minimal prime ideal is projective. 
For brevity we will call such rings almost hereditary. 
THEOREM 1.2. Let A be almost hereditary. Then 
(1) A is semihereditary; 
(2) A/P is a Dedekind domain for each prime ideal P; 
(3) A/I is Artinian for every ideal I not contained in any minimal prime; 
I is even a product of maximal ideals. 
Proof. The statements will follow from a list of observations on A. 
(a) For every prime ideal M, the localization A, is an integral domain. 
Since iz is reduced, it is enough to show that the minimal primes are two by 
two comaximal. Take P, Q distinct minimal primes and suppose P + Q C M, 
a maximal ideal, By hypothesis P + Q is a projective ideal; in A, both P and 
Q survive and P&, + Q,+, is generated by one element x + y, x E P, , y  E Qfir . 
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Now x = Z(X + y) for some z E A,: if z is a unit, y  E PM and QM C P,,,; 
if z is not a unit, (1 - Z)X = zy gives x E QM and P,W C QM . Either way we 
get a contradiction. 
(b) The annihilator of each element of A is generated by one idempotent. 
Let x E A and write I = annihilator of x. By (a), for each prime M, 
1, = (0) or (I) and in particular I = 12. Let J = (x, I): since I is a pure ideal, 
I n (x) = 1~ = (0) and 1 = (x) @ 1. On the other hand, if /is contained in 
a minimal prime P, A, is a field and the image of x in A, is trivial; conse- 
quently, I, = A, , which is impossible. Thus J is a projective ideal and 
according to Proposition 1.1 it is finitely generated. Then I is also finitely 
generated and as I = 12, I == Ae for some idempotent e. 
Now we prove (1): Let I = (xi ,..., x,J be a finitely generated ideal which 
must be proved projective. If  Ae, = annihilator of xi , ei = idempotent, then 
,4e, n ... n Ae, = Ae (e = e, ... e,) is the annihilator of I. Let J = (e, 1); 
as before we conclude that J = Ae @ 1 and that 1 is not contained in a 
minimal prime. Hence it is projective and I is projective also. 
As for (2) (a) says that each minimal prime P is a pure ideal and thus A/P 
is a flat epimorphic image of A. It obviously inherits the defining property of 
A and being a domain, it is a Dedekind domain. 
Finally for (3), if I is as stated, A/I is a Noetherian ring by Proposition 1.1 
and as A has Krull dimension one by (2) there are only finitely many maximal 
ideals containing I; since each localization A, is a discrete valuation ring, it 
follows that I is a product of maximal ideals. 
Thus one reencounters the rings which have also been called generalized 
Dedekind. In general the remaining properties of A are hidden in the nature of 
some of its associated, e.g., total ring of quotients, Boolean ring of idempotents. 
Finally we discuss a phenomenon-studied in [ 121 by valuation theory and 
in [2] by sheaf theory-precisely, that it does not take much to make an 
almost hereditary ring hereditary. 
THEOREM 1.3. The following are equivalent for a commutative ring A. 
(I) A is hereditary. 
(2a) A is almost hereditary, and 
(2b) The total ring of quotients K of A is hereditary. 
Proof. That (1) implies (2) is clear. As in [12], if I is an ideal of A, IK 
can be written IK = @ C Kei , ei = idempotent. Since A is at each localiza- 
tion A, (M = prime ideal), a domain, the e,‘s lie in A and thus I n Ke, = 
I n Ae, = Iei . On the other hand, le, @ A(1 - ei) is an ideal of A 
clearly contained in no minimal prime ideal and hence projective. Since 
I = @ C Ie, , we are through. 
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Remark 1.4. The closeness of hereditary rings to a finite direct product of 
Dedekind domains (i.e., hereditary domains) reposes then on the behavior 
of its minimal primes. Thus, it will be Noetherian if such ideals are finite in 
number (as they are comaximal the Chinese remainder theorem takes over) or 
finitely generated (by Cohen’s theorem and Proposition 1.1). There should 
exist however more natural conditions with the same consequence especially 
in the case minimax = iii (i.e., no minimal prime is a maximal ideal). 
For although “hereditary” plus “minimax = o ” does not necessarily 
imply A Noetherian (see examples in [2]), it comes very close as the nature 
of the minimal primes is largely determined by the maximal ideals in this case. 
2. FINITE PRODUCT 
Another aspect of finiteness of projective ideals, when such ideals are 
products of projective primary ideals, will now be discussed. Even in most 
Noetherian rings this requires strict conditions on the height one primes, as it 
is well known. The rings discussed will share a very basic homological 
property of Dedekind rings: of having finitistic dimension one. We recall 
the notion of the finitistic projective dimension of a ring A, FPD(A) for short. 
FPD(A) = sup {projective dimension A-module E, whenever this is finite}. 
Thus the rings with FPD(A) = 0 are the perfect rings and in case A is 
Noetherian, according to Gruson [7], Krull dimension A = FPD(A). 
THEOREM 2.1. Let A be a commutative ring of jinitistic dimension one. Then 
every projective ideal not contained in any minimalprime is a product of projective 
primary ideals, in which the factors are unique, up to order. 
Proof. Let I be such ideal; by Proposition 1.1 it is finitely generated and 
even a projective generator. Thus, according to [3] or [9], for any A/I-module 
E of finite projective dimension, one has proj. dim, E = 1 + proj. dim,;, E 
and thus FPD(A/I) = 0. A theorem of Kaplansky [l] says that A/I = 
B, @ ... @B,, where Bi is a local ring of Krull dimension zero. This 
decomposition yields in A a representation 
where Qi is the primary ideal corresponding to the ith component of A/Z. 
Note that each Qi is finitely generated by I plus 1 - ei , where e, is some 
element of A mapping into the identity of B, . As for the projectivity of Qi , 
since it is a faithful ideal, it is enough [13] t o s h ow that it is principal at each 
localization A, , which is clear. The uniqueness of the Qi’s is also immediate. 
It is obviously easier to detect the finite generation for projective prime 
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ideals, Proposition 1.1 saying that only minimal primes give difficulties. In 
the rings of this section, with large Jacobson radical J, one has 
THEOREM 2.2, Let A be as in Theorem 2.1 and let P be a projective prime 
ideal; if J is not contained in P then P is generated by one idempotent. 
Proof. Let a E J/P and consider the exact sequence 
0 ---t A/P % A/P ---, A/(P, a) - 0. 
Proj. dim, A/(p, a) < cc and thus clearly = I. This says that (P, a) is a 
projective ideal and thus finitely generated by Proposition 1. I : (P, a) = 
(Xl >..*, x,) + (a), xi E P. In particular we have P = (x1 ,..., xn) + aP. As P 
is a pure ideal and a E J it follows, by localization, that P is generated by the 
xi’s and so P = Ae, e = idempotent. 
This might have some bearing in the examination of hereditary rings with 
nontrivial Jacobson radical as it is plausible that, with frequency, the ring 
decomposes into a product of finitely many Dedekind domains (semilocal) 
and a hereditary ring with trivial radical. 
To find out the number of elements necessary to generate a projective 
ideal in rings of finitistic dimension one, the following is used. 
PROPOSITION 2.3. Let I be a$nitely generated projective ideal of a commu- 
tative ring A. If  I/I2 is generated by n elements, then I can be generated by n + 1 
elements. 
Proof. Let J be the trace ideal of I; since I is finitely generated, J is 
generated by one idempotent. Without loss of generality we may assume that 
J = (I), i.e., we have 
1 = 5 f&4, with xi EI, fi E Hom,(I, A). 
i=l 
Let yl ,..., yn generate 1 modulo 12. Thus we have relations 
where ai E 12. Substituting in the previous equation and by rearrangements 
we get an equation 
1 = f&(Yj) +a, gj E Hw&, A), a EI. 
i-1 
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For any x E I one gets 
xa = i gj(x) yj + xa 
i=l 
as desired. 
COROLLARY 2.4. Let A be a commutative ring of finitistic dimension one 
and let I be a jkitely generated projective ideal. Then Z can be generated by two 
elements. 
Proof. Again we can assume that the trace ideal of I is A. Thus I is a rank 
one projective module. Since A/Z is a semilocal ring and Z/Is = I aa A/Z, it 
follows that Z/Is is a rank one A/I-projective and consequently can be generated 
by one element. 
3. FINITE SUMMANDS 
The property that each pure ideal be generated by one idempotent charac- 
terizes the rings (F-rings for short) in which every projective ideal is of 
finite type [14]. Here we describe the rings which while lacking this still have 
plenty of idempotents, precisely, we call A an f-ring if every pure ideal is 
generated by idempotents. 
THEOREM 3.1. A is an f-ring zr every projective ideal is a direct sum of 
Jinitely generated ideals. 
Proof. Let Z be a projective ideal; by [lo] one can write Z = @ x Zi , 
where the Ii’s are countably generated. Let J = trace of I; then J = C Ji , 
Ji = trace of Zi . Actually this last sum is direct as the Zi’s have disjoint 
supports in Spec(A). Thus J = @ z Ji with each Ji a countably generated 
pure ideal. I f  these are generated by idempotents one can, in turn, write 
J = @ C Aej with ei idempotent. Now 
I = @ C Zej , 
and we show each Zej finitely generated. For that consider Zej as a projective 
ideal over the ring Aej; the finiteness of Zej follows as in Proposition 1.1 from 
trace of Zej = Aej . 
For the converse, let J be a pure ideal and a, E J. As (al) = Jai , checked 
by localization, a sequence a, , a2 ,... results with ai = aiai,l . Let Z be the 
ideal generated by the ai’s. It is a countably generated pure ideal, and by 
Jensen’s lemma [g] it is projective. If  it is a direct sum of finitely generated 
summands these are pure also and thus generated by idempotents. 
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Remark 3.2. S. Jondrup has shown (unpublished) that just as for 
F-rings [ll], the present property depends only on the topology of Spec(A), 
e.g., it holds for rings of Krull dimension 0 because it is valid for absolutely 
flat rings. He also proved the permanence of the property when one passes to 
44 or 441. 
EXAMPLE 3.3. Let A be a p.p. ring, i.e., principal ideals in A are projective; 
then A is anf-ring. In fact, let J be a pure ideal and x E J; Ax projective means 
that its annihilator I is generated by one idempotent, say, e. Consider J + Ae; 
if it is contained in a maximal ideal P, by localizing at P one gets _T, = (0) 
and IP = (l), which is not possible. Thus J + Ae = A or y  + ye = 1, 
y  E J. Multiplying this equation by 1 - e it follows 1 - e E J and as 
x = x( 1 - e), we conclude that 1 is indeed generated by idempotents. 
We conclude this section by giving examples of two classes of p.p. rings 
and thus of f-rings. 
A p.f. ring is a ring in which principal ideals are flat. It will be a p.p. ring 
when some additional conditions are imposed on the topology of min(A), the 
subspace of Spec(A) consisting of the minimal primes. 
PROPOSITION 3.4. For a commutative ring A the following are equivalent: 
(1) A is a p.p. ring; 
(2a) A is a p.f. ring; and 
(2b) min(A) is compact. 
Proof. It will be enough to show that (2) implies (l), the reverse implication 
being clear. Let f  E A and write I = annihilator off. Since A is locally a 
domain, I is a pure ideal of A. On the other hand, the ideal / = (f, I) is not 
contained in any minimal prime. Thus we can write 
min(A) = u X,, , 
WJ 
with X, = {P E min(A), g $ P>. 
By the compactness of min(A) we can write min(A) = U,“=, Xgi , which 
means that there exists h, ,..., h, ~1 such that the ideal (f, h, ,..., h,) is not 
contained in any minimal prime. From the purity of I, (h) = Ik for every 
h E I and hence h = hg, g E I or h(1 - g) = 0. Consequently, given a finite 
number of elements in I, to wit, h, ,..., h, there exists g EI such that 
hi(l + g) = 0 or (h, ,..., h,) C (g). In particular, L = (f, g) is not contained 
in any minimal prime. However L is locally isomorphic to A and is thus 
projective. Since (f ) n (g) = (0) L = (f ) @ (g) and (f) is also projective. 
Still another example of p.p. ring is provided by the next result. 
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PROPOSITION 3.5. Let A be a commutative ring satisfying: (a) A is coherent; 
and (b) every jinitely generated ideal has Jinite j-lat dimension. Then A is a 
p.p. ring. 
Proof. Let f E A. Since A is coherent, Af admits a flat resolution 
in which the Fi’s are finitely generated and projective. Thus, by [15] the 
annihilator off is generated by one idempotent as desired. 
In the case A is a coherent ring of finite global dimension, the result above 
says that locally A is a domain. 
Remark 3.6. For a commutative ring A a projective module E might be 
called small if for each prime ideal P, Ep is of finite rank (e.g., E = projective 
ideal). For F-rings it turns out that small projective modules are finitely 
generated [14]. It might be asked whether forf-rings a similar result holds, to 
wit, whether a small projective module is a direct sum of finitely generated 
modules. 
4. Two EXAMPLES 
Here we consider examples for which some preliminary spadework is 
necessary. It concerns the description of pure ideals. 
EXAMPLE 4.1. Rings of continuous functions. Let X denote the unit real 
interval (or more generally a “nice” compact connected space) and let A be 
the ring of real continuous functions on X. Since A admits no idempotents 
#O, 1, it is not an f-ring (there are plenty of pure ideals). Still a reasonable 
description of its projective ideals, at least those which are pure, is not 
complicated. 
PROPOSITION 4.1(a). Every pure ideal of A is countably generated and 
consequently every projective ideal is countably generated. 
Proof. Indeed, one has the correspondence {pure ideals} t-) (closed sets 
of X> given by, on one hand, associating to a pure ideal its zero set and, in the 
other direction, by assigning to a closed set F the ideal of all functions 
vansishing on a neighborhood of F (the neighborhood varying with the 
function). To check these statements: let J = J(F) be the ideal associated to 
F; for x E F there exists f  E A, f(x) # 0 an d null on a neighborhood of F by 
Tietze’s lemma. Thus with M = ideal of functions vanishing at x, JM = (I); 
clearly JN = (0) for a maximal ideal N with support not in F. This shows J to 
be a pure ideal and with X separable it follows that J is countably generated. 
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Suppose now J is a pure ideal of zero set F and let x EF. IffE J, (f) = Jf, 
that is f = hf h E J. This implies that f is null on a neighborhood of x and 
f EJ(F); by 1 oca iza 1’ t ion we conclude J = J(F). 
That projective ideals are countably generated follows now from [lo] and a 
simple cardinality argument. 
Remark 4.2. From elementary results on A [6] it follows that no minimal 
prime can be projective. Moreover as P = P2 for every prime ideal of A by 
Proposition 1 .I the other prime ideals cannot be projective either. 
EXAMPLE 4.3. Selfinjective rings. Let A be a selfinjective ring; we shall 
make use of the following properties of A (cf. [5]): (i) the Jacobson radical J 
of A is the set of elements in A whose annihilators are essential ideals; (ii) 
A/J is absolutely flat and idempotents of =2/J can be lifted to A. 
PROPOSITION 4.3(a). A is an f-ring. 
Proof. Indeed if I is a pure ideal of A, the exact sequence 
O-+I-+A + A/I-+0, 
tensored with A/J yields 
0 - I/Jr - All - A/V, I) - 0, 
which is also exact. I/J1 is then generated by idempotents of A/J which can 
be lifted to A (cf. i). But if e is an idempotent in A with x = e + j, x E 1, j E 1, 
e and E are in the same maximal ideals and thus (e) = el C 1. One can then 
write I = J1+ L where L is generated by idempotents. Localization then 
yields I = L. 
As a finitely generated projective ideal is also injective it is a direct sum- 
mand of A. Thus every projective ideal of A is a direct sum of principal 
ideals generated by idempotents. 
PROPOSITION 4.3(b). A projective prime ideal of a selfinjective ring is 
generated by one idempotent. 
Actually this can be viewed as a generalization of the well known result that 
a hereditary selfinjective ring is semisimple. 
Proof. By the preceding proposition one can write for a prime projective 
ideal P, 
P = @ c Aei . 
iEW 
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If W is not finite, let W = U u V be a decomposition with U, V disjoint and 
both infinite. Let P = P(U) @ P(V) with P(U) and P(V) with the obvious 
meaning. Define now a homomorphism P---f A which is the identity on 
P(U) and zero on P(V). It is realized, by the injectivity of A, by multiplication 
by one element a E A. a $ P as otherwise a E P(U) but the infinity of U rules 
this out. Proceed in the same fashion with V to obtain the element b. c = ab 
is an annihilator of P which is not in P. We claim it is not in the Jacobson 
radical /of A: if so, by (i) the annihilator of c = P (primeness of P) would be 
essential while P n (c) = PC = (0) (purity of P). Thus the ideal (c) survives 
in A//and consequently AC + J = Ae + J f  or some nontrivial idempotent e. 
With c = re + j, j E J, annihilator (c) 3 annihilator (re) n annihilator (i) and 
since annihilator (i) is essential, annihilator (re) C P and 1 - e E P. On the 
other hand, e = SC + R, K E J, yields (I - e)k = 0 or e(l - k) = SC and k 
may be assumed zero. But e = se implies eP = (0) and P = A(1 - e) as 
desired. 
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